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The 2-dimensional version of the Schwarz and Sen duality model (Tseytlin model) is analised at
the classical and quantum levels. The solutions are obtained after removing the gauge dependent
sector using the Dirac method. The Poincare` invariance is verified at both levels. An extension with
global supersymmetry is also proposed.
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The 4-dimensional Schwarz-Sen duality model [1] has
received much attention in the last few years [2] . In
[1] one remark was that a 2-dimensional version of this
model was exactly Tseytlin model [3], and that both 2
and 4-dimensional versions were related to the formula-
tion of free P-forms [4] [5] .
In a two dimensional space-time duality is a discrete
symmetry [5]. As a consequence Tseytlin model has a
classically canonical relation to Floreanini-Jackiw self-
dual bosons model (FJ) [6] [1]. This formulation was
studied in [7] for a compact space-time, obtaining care-
fully its constraints structure together with the classical
and quantum solutions. The Tseytlin model can be stud-
ied, at both classical and quantum levels, with the same
techiques used in [7] and to make this analysis is the main
purpose of this work. A supersymmetric extension is also
constructed.
We start our analysis with the Tseytlin action [3],
whose dynamics is described by the non-covariant La-
grangian density
L = 1
2
[
∂0φ
1∂1φ
2 + ∂0φ
2∂1φ
1 − ∂1φ1∂1φ1 − ∂1φ2∂1φ2
]
,
(1)
φα ≡ φα(x0, x1) , α = 1, 2, are real scalar fields in a
2-dimensional space-time. This model was analised by
Tseytlin [3] in the closed string context, using functional
quantization methods.
The canonical Hamiltonian correspondent to (1) can
be easily constructed
∫ +∞
−∞
dx1Hc = Hc = 1
2
∫ +∞
−∞
dx1
[
∂1φ
1∂1φ
1 + ∂1φ
2∂1φ
2
]
,
(2)
and using the Dirac formalism [8] we can obtain the pri-
mary constraints structure
ωα(x0, x1) = πα(x0, x1)− 1
2
Mαβ∂1φ
β(x0, x1) ≈ 0 , (3)
where πα are the momenta conjugate to φα and Mαβ is
the “duality” matrix
Mαβ =
(
0 1
1 0
)
(4)
Using (3) we can construct the constraints matrix (∆)
∆(x0;x1, y1) =
(
0 −δ′(x− y)
−δ′(x− y) 0
)
, (5)
whose inverse is not unique, this meaning that there is
a first class sector in the constraints set, so the solutions
for the Euler-Lagrange equations
∂1(∂0φ1 − ∂1φ2) = 0 ∂1(∂0φ2 − ∂1φ1) = 0 , (6)
may be gauge dependent.
To clarify this point we realise that analogously to the
case of the FJ model the set of constraints ωa(x) is im-
proper [9], that is, the variation δωα
δωα[η] =
∫ +∞
−∞
dx1
(
Aα(x1) δφα(x1) + Bα(x1) δπα(x1)
)
,
(7)
with A(x1) ≡ δγ[η]/δφ(x1), B(x1) ≡ δγ[η]/δπ(x1) and
η being the dual space functions [9], involves a surface
term. As a consequence, the choice of the boundary con-
ditions is a key ingredient in the classical analysis [7] in
the sense that to each set of boundary conditions corre-
sponds a different constraint structure.
With this in mind we analise the model with periodic
boundary conditions, settled in a compact domain. In
this case it is possible to construct a discrete formulation,
and the Fourier decomposition of the fields φα is
φα(x0, x1) =
1
2R
aα0 (x
0) +
1
2R
∑
n>0
{[
aαn(x
0)
+ i bαn(x
0)
]
e
inpi
R
x1
+
[
aαn(x
0) − i bαn(x0)
]
e−
inpi
R
x1
}
, (8)
by using (1) and (6) one finds for the Lagrangian
1
L ≡
∫ +R
−R
dx1L
=
1
2R
∑
n>0
[
Mαβ
(
aαn b˙n
β − a˙nαbβn
)
ωn
− ω2n
(
(aαn)
2 + (bαn)
2
)]
, (9)
where the dots represent the derivatives in x0 and ωn ≡
nπ/R. Following the Dirac procedure [8] we obtain a set
of two first–class constraints
pαa0 ≈ 0 α = 1, 2 , (10)
and a set of primary second-class constraints (n > 0)
Γα+pn ≡ pαan +
ωn
2R
Mαβbβn ≈ 0, (11)
Γα−pn ≡ pαbn −
ωn
2R
Mαβaβn ≈ 0, (12)
where pαan and p
α
bn
are the canonical momenta conjugate
to an and bn, respectively. Furthermore, the canonical
Hamiltonian HPc reads
HPc =
1
2R
∑
n>0
ω2n
[
(aαn)
2 + (bαn)
2
]
, (13)
and it is easy to verify that there are no secondary con-
straints.
The first-class constraints (10) generate the following
gauge transformations
φα(x0, x1) −→ φα(x0, x1) + fα(x0), (14)
that leave the action (1) invariant. This gauge freedom
can be fixed using a set of external conditions that turn
the first class constraints (10) into second class. For our
purposes it is enough to choose
aα0 + ρ
α ≈ 0 . (15)
where ρα is an arbitrary function of the phase-space vari-
ables. After the construction of the Dirac bracket struc-
ture [8] we obtain the commutators for the fundamen-
tal operators together with the Heisenberg equations of
motion (the Hamiltonian operator has no ordering prob-
lems)
a˙αn = −ωnMαβbβn , (16a)
b˙αn = ωnM
αβaβn , (16b)
and their solutions in terms of creation and anihilation
operators
aˆαn(x
0) =
√
π
2ωn
Λˆαne
−iωnx
0
+
√
π
2ωn
Λˆα†n e
iωnx
0
, (17a)
bˆαn(x
0) = −i
√
π
2ωn
Mαβ Λˆβne
−iωnx
0
+i
√
π
2ωn
Mαβ Λˆβ†n e
iωnx
0
. (17b)
As in FJ model the problem of the uniqueness of vac-
uum (due to the presence of the arbitrary functions ρα)
can be solved by simply defining the field operators as
Φˆα(x0 , x1) ≡ φˆα(x0 , x1) + ρˆ
α
2R
. (18)
Using (8) and (16) we finally obtain as quantum solutions
Φˆ(x0 , x1) =
1√
2π
( π
R
)∑
n>0
1√
ωn
[
(δαβ −Mαβ)Λˆβne−iωn(x
0−x1)
+ (δαβ +Mαβ)Λˆβ†n e
iωn(x
0+x1)
+(δαβ +Mαβ)Λˆβne
−iωn(x
0+x1)
+ (−δαβ +Mαβ)Λˆβ†n eiωn(x
0−x1)
]
, (19)
with equal-time commutation relations (taking the limit
R→∞)
[Φˆα(x0, x1) , Φˆβ(x0, y1)] = − i
2
Mαβǫ(x1 − y1) . (20)
These field operator solutions obey exactly the equations
of motion found by Tseytlin [3]
∂0Φˆ1 = ∂1Φˆ2 ∂0Φˆ2 = ∂1Φˆ1 , (21)
showing that they are the correct gauge-independent
quantum field solutions for this model.
Now we switch our attention to the Poincare´ algebra
of the energy-momentum tensor. The gauge invariant
and symmetric quantum energy momentum tensor com-
ponents are
Θˆ00 = Θˆ11 =
1
2
: (∂1Φˆα)(∂1Φˆ
α) : (22a)
Θˆ01 = Θˆ10 = : (∂1Φˆ1)(∂1Φˆ
2) : . (22b)
Using the quantum solutions (19) we obtain, without
anomalies, the following Virasoro algebra
[Θˆ00(x) , Θˆ00(y)] = i
(
Θˆ01(x) + Θˆ01(y)
)
∂x1δ , (23a)
[Θˆ00(x) , Θˆ01(y)] = i
(
Θˆ00(x) + Θˆ00(y)
)
∂x1δ , (23b)
[Θˆ01(x) , Θˆ01(y)] = i
(
Θˆ01(x) + Θˆ01(y)
)
∂x1δ , (23c)
that leads to the usual Poincare´ algebra for the integrated
currents showing the complete consistency of this formu-
lation under periodic boundary conditions.
In the anti-periodic case the Tseytlin model behaves
as a purely second-class constraints system, so no gauge-
dependent modes appear. The Dirac program can
be straightfowardly followed and the excitations obey
strictly (21) with the energy momentum components con-
sistently obeying (23).
A global supersymmetric extension can be constructed
for this model. Following the same prescription used in
2
[3] for the bosonic part we find as extended lagrangian
density
L = 1
2
[
∂0φ
1∂1φ
2 + ∂0φ
2∂1φ
1 − ∂1φ1∂1φ1 − ∂1φ2∂1φ2
+iψ1∂0ψ
1 + iψ2∂0ψ
2 − iψ1∂1ψ2 − iψ2∂1ψ1
]
, (24)
that is invariant under the following supersymmetric
transformations
δψα = iǫMαβ∂1φ
β δφα = ǫψα , (25)
with ǫ being a constant Grassman parameter. This is ex-
actly the 2-dimensional counterpart of the 4-dimensional
Schwarz-Sen supersymmetric model, and two succesive
susy transformations give accordingly a Poincare trans-
lation.
The dynamics of this extension is fully consistent at
the classical level. The Hamiltonian analysis gives for
the momenta
π1(x) = −iψ1(x) π2(x) = −iψ2(x) , (26)
which are second class constraints. The canonical Hamil-
tonian can also be easily constructed, together with the
equations of motion (after the Dirac brackets construc-
tion)
Hc = iψ
1∂1ψ
2 + iψ2∂1ψ
1 , (27)
∂0ψ
α(x) = {ψα, H}D = Mαβ∂1ψβ(x) , (28)
which are exactly equal to the Euler-Lagrange equations,
as expected.
The fundamental Dirac brackets between fields are
found to be
{ψi(x), ψi(y)}D = iδ(x− y) i = 1, 2 , (29)
the others being zero, establishing the conditions for a
canonically quantized version.
Following the results obtained for the bosonic model a
quantum analysis ,searching anomaly terms in the susy
algebra, would be of interest. This is under investigation
and is going to be described in a following work.
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